Abstract. This paper deals with the low-frequency scattering problem by a conducting object in a chiral medium. With boundary integral equation methods, we obtain the limit of the scattered eld, solution of the Drude-Born-Fedorov equations as frequency tends to zero. Making use of a Hodge decomposition of the tangent elds shows that the asymptotics strongly depend on the topological properties of the domains under consideration. The asymptotic expansion's dependence on the chirality parameter is completely shown.
1. Introduction. Chiral media are examples of media responding with both magnetic and electric polarization to electric or magnetic excitation. They belong to the general class of bianistropic media. Chiral media can be characterized by a set of constitutive relations in which the electric and magnetic elds are coupled. The coupling strength is given by the magnitude of a quantity known as the chirality admittance. It determines the bulk electromagnetic properties of these materials. Chiral materials are used in many optics applications. Antennas coated with chiral materials have signi cantly interesting radiation characteristics due to the extra degree of freedom o ered by the presence of the chirality admittance. Di erent expressions exist for the constitutive relations. The Drude-Born-Fedorov constitutive equations are used here. For interesting explanations of these equations and various physical aspects of the propagation inside chiral media, we refer to 17], 16] and the list of references therein which is representative of the work that is presently being conducted in this area. The original investigations of the e ect of chirality on the polarization of light, also date back to the nineteenth century. Arago 6 ], Biot 9 ], Cauchy 10], Pasteur 22] and Fresnel 11] all examined optical activity in chiral media. The concept of chirality has also played an important role in chemistry with the works of Prelog 24] .
In 2], the scattering problem by a non-homogeneous object embedded in a chiral medium was investigated. Representation theorems and the radiation condition for the Drude-Born-Fedorov equations were introduced. The existence and uniqueness of a solution for this problem was proved by using the boundary integral equation method.
The purpose of the present paper is to study the limiting behavior of the DrudeBorn-Fedorov equations as frequency tends to zero. The crucial point for our analysis is a new integral approach which was originally developed in 1] to study the impedance boundary conditions for thin curved chiral layers. This method permits to obtain the limiting problem and the corrector terms at any order. We give the full asymptotic expansions of the electric and magnetic elds with respect to the frequency. We prove optimal error estimates and we show by using a Hodge decomposition that the asymptotic expansions of the electric and magnetic elds depend on the topological properties of the boundary of the conducting object.
A very close related problem is the time-harmonic boundary value problem for the Maxwell system at low frequencies which has been studied, for example, by M ullerNiemeyer 19], Werner 31] , 33], Kress 15] with integral equation methods. Our present method gives in the case of Maxwell's equations a new approach to analyze the behavior of the electric and magnetic elds as frequency tends to zero and to derive the corrector terms.
The present paper is organized as follows. Having introduced some notations in section 2 we analyze the behavior of the electric and magnetic elds as frequency tends to zero in the case of a smooth obstacle with a simply connected boundary. We proceed by reducing the Drude-Born-Fedorov equations to a Fredholm system of two integral equations which is uniquely solvable in the limit case. Full asymptotic expansions of the elds are constructed and optimal error estimations are proved. The nal section is devoted to the case of a non simply connected boundary. The dependence of the asymptotic expansions on the chirality parameter is shown. Using the above notations, we introduce the following boundary di erential operators : the tangential gradient of a function f : r @ f = rfj @ ; the surface divergence of a eld u : div @ u = r :ũj @ ; the vector rotational of a function : ??! curl @ f = r^(fn)j @ , the scalar rotational of a vector : curl @ u = n : r^ũj @ , and the Laplace-Beltrami operator on @ de ned on scalar functions by @ f = div @ r @ f = ?curl @ ??! curl @ f: We recall the mean curvature c(x) de ned as 2c(x) = r : n(x), the tensor of curvature R(x) = r n(x) and the following identities used in the present paper : (2) where the permittivity " and the permeability are two strictly positive constants and the chirality admittance is assumed to be frequency-dependent. We assume that it is a smooth function of the frequency ! and we denote by The vector eld E in ! is a combination of left-circularly polarized plane wave and rightcircularly polarized one and it satis es the isotropic Drude-Born-Fedorov equations in R 3 . We introduce the scalar three-dimensional outgoing fundamental solutions of the Helmholtz equations corresponding to j for j = 1; 2 as 
as frequency ! tends to zero. The existence and uniqueness of a solution (E (!) ; H (!) ) to (7) in H loc (curl; ) H loc (curl; ) satisfying the classical Silver-M uller radiation condition was proved in 4] and 2]. The uniqueness follows from the Bohren decomposition of the electric and magnetic elds and the existence is established by using an integral equation approach.
Let us rst describe the essential steps of our method. We begin our analysis by recalling the representation formulae (8) and (9) of the electric and magnetic elds solutions of the Drude-Born-Fedorov system (7). In these representation formulae, the unknown is the tangential component of the magnetic eld H (!) on the boundary @ . Taking the tangential trace of the electric eld represented by (8) on @ , multiplying by a test eld in T H ?1=2 (div; @ ) and integrating over @ , we reduce the previous problem to a variational problem (10) where the tangential component of the magnetic eld is the unknown. Using the Hodge decomposition of the space T H ?1=2 (div; @ ) whose structure entirely depends on the topology of @ , we transform the previous vector problem (10) to the Fredholm system of two integral equations (12) where the two unknowns are scalar functions in H 1=2 0 (@ ) and H 3=2 0 (@ ). Writing the two scalar unknowns of the system (12) as Taylor polynomials in !, we rewrite the system (12) as (20) . The identi cation of the di erent terms in (20) following increasing powers of the frequency ! leads to the systems (21); (22); (23) and (24) which are uniquely solvable. With the a priori-estimates (14) we show (in Lemma 4.4) that the expansions of the unknowns following increasing powers of the frequency ! are valid at the rst order. An induction provides expansions at any order. This leads to an iterative procedure for solving the Drude-Born-Fedorov equations for small values of frequency. From these systems, the representation formulae (8) and (9), we construct the rst three terms of the asymptotic expansions of the electric and magnetic elds given by (41) ? (46) and we prove the optimal error estimates (31) and (32) . The case of a non simply connected boundary is studied in the nal section of this paper.
From the representation theorem proved in 2] (Theorem 4.3), it follows that
and Multiplying the limit of (8) 
The above variational equation is the starting point for our asymptotic analysis of the Drude-Born-Fedorov equations at low frequencies. (11) where (' (!) ; (!) ) and (' t ; t ) are in H 1=2 0 (@ ) H 3=2 0 (@ ). Therefore, we can split the variational equation (10) From these asymptotic expansions we get the following expansions : We have the following a priori-estimates. 
The for any !. The proof of the lemma is then over. In the following part of this section, we construct the asymptotic expansions in powers of the frequency ! of the electric eld E (!) and the magnetic eld H (!) solutions of the exterior Drude-Born-Fedorov equations. Firstly, the incident plane wave admits the following asymptotic expansion : Therefore, using the a priori estimates (14) we rewrite the system (12) as
a (1) 1 (' (!) ; ' t ) + b (1) 
Now, we shall show how to obtain the functions ' (i) and (i) . Upon inserting the expansions (19) of (' (!) ; (!) ) in the previous equations, we get two equalities between asymptotics in !. Necessarily, the terms of the same order are equal, so the system (20) implies the 0following equations 8 < :
2 ( (0) ; t ) = 0;
a (1) 1 (' (0) ; ' t ) + b (1) 1 ( (0) ; t ) = h' in 1 ; ' t i; (21) a (1) 1 (' (2) ; ' t ) + b (1) 1 ( (2) ; ' t ) + a (3) 1 (' (0) ; ' t ) + b (3) 1 ( (0) ; ' t ) = h' in 3 ; ' t i; (23) and more generaly, (21); (22); (23) (21) implies (0) = 0 and the second is uniquely solvable thus ' (0) is determined. For the same reason the rst equation of (22) is uniquely solvable so, (1) is determined and the second too. Inserting the solution of the previous systems in (23), we solve the rst equation of (23) . This naturally leads to an iterative process to determine the unknowns (' (i) ; (i) ) at any order. An immediate induction shows that : given the functions (' (i) ; (i) ) for i n, the next unknowns (' (n+1) ; (n+1) ) are solutions of a system similar to (23) , and appear respectively in the coercive forms a (1) 1 and Therefore from ( 20]) we obtain the claim.
For the estimation of jj (!) ? ! (1) Now we are in position to prove the following lemma. Lemma 4.5. Let K be an integer. There exists a strictly positive constant C K such that for small values of ! the following inequalities hold.
Proof. We proceed in the same way as in the above lemma. Assume that there exists a constant C K such that (27) Using the a priori estimates (14), we deduce from (28) that there exists a constant C 0 K such that jj' (!) ?
It is easy to see that holds where C K+1 is a constant independent of !.
The above lemma allows us to estimate the di erence between u (!) and C jj' (!) ?
holds for small values of !, and then Lemma 3.6 follows from (26) . The main result of this section is as follows : Theorem 4.7. We have the following estimates :
and jjH (!) ?
for any bounded smooth open set O included in .
Proof. This result is easily proved by combining the a priori-estimates (14), the representation formulae (8) and (10) where the two couples (' (!) ; (!) ) and (' t ; t ) are in H 1=2 0 (@ ) H 3=2 0 (@ ), and
Therefore, we can split the variational equation (10) We write the system (33) as
In the above system, we have used that From this, we deduce that ??! curl @ ' (0) + (0) = 0 and by taking the scalar rotational of the previous identity, it follows that ' (0) = 0 and so, (0) = 0. The existence of a solution to (37) can be shown by using the fact that the system (37) is of Fredholm type.
Finally, using the solutions of the systems (37); (38) and (39), and the variational equation (40), we obtain the following asymptotic expansions in powers of the frequency ! of the electric and magnetic elds The dependence of the asymptotics of (E (!) ; H (!) ) on the topological properties of @ is now clear. Using these asymptotics, it is clear that estimates (31) and (32) hold in the case of a non-simply connected boundary.
5. Concluding Remarks. In this paper we have studied the limiting behavior of the exterior Drude-Born-Fedorov equations as frequency tends to zero and we have derived asymptotic expansions of the electric and magnetic elds to the order two with respect to the frequency. We have shown the dependence of these asymptotics on the topological properties of the boundary of the domain via the Hodge decomposition theorem. We have proved that the e ect of chirality on the scattered elds is of order two at low frequencies.
Appendix A. The Hodge Decomposition Theorem.
Throughout this appendix, @ will be a compact oriented Riemannian manifold of dimension n and @ the Laplace-Beltrami operator on @ which is a generalization of the ordinary Laplacien on di erential forms. Let for p with 0 p n F p (@ ) be the set of p-forms on @ . It is to be noted that F 0 (@ ) is the space of scalar functions on @ and F 1 (@ ) is the space of the vector tangential functions de ned on @ . @ is a linear operator on F p (@ ) for each p with 0 p n.
Our main object in this appendix is to state the Hodge decomposition theorem, which says that the equation 
H (1) (x) = H in
